e interaction between rock joints and seismic waves is critical in rock engineering when rock mass is suffered from humaninduced or natural earthquakes. Stress wave propagation across rock joints is usually dependent on the seismic response of the joints. Wave propagation may cause joints close or open under the in situ stress. In this paper, the seismic response for wave propagation with an arbitrary incident angle impinging on joints is studied. Both reflection and transmission usually occurring at the two interfaces of the joint are considered, respectively. Wave propagation equations with equally and unequally close-open behaviours are deduced firstly, which can be applied for the general cases of arbitrary incident P-or S-wave. en, wave propagation across joints with normal and oblique incident P-and S-waves is analyzed by considering the equally and unequally close-open behaviours and verified by comparing with the existing methods. Finally, several parametric studies are conducted to evaluate the effect of in situ stress on transmitted waves, the effect of the incident frequency on the maximum deformation of joints, and the effect of the incident angle on the maximum deformation of joints. e wave propagation equations derived in the study are more feasible and can well analyze the seismic response of wave propagation for the most general cases of different incident waveforms.
Introduction
e safety and stability of underground engineering are often affected by seismic waves, which may come from human-induced or natural earthquakes. Since the underground engineering is surrounded by jointed rock mass, the rock joints not only govern the mechanical behavior of the rock mass but also influence wave propagation in the rock mass. Study on the interaction between stress wave and rock joints is critical to evaluate the stability and safety of underground engineering under seismic loads.
e natural rock joints are generally nonwelded. e two sides of a joint may have relative deformation, such as opening, closure, and slip under normal and shear stresses during seismic wave propagation [1] [2] [3] . When a rock joint is not able to sustain tensile stresses, the joint is open and then its two sides become free surfaces to reflect seismic waves impinging on the joint. e mechanical behavior of a joint is a main factor to affect stress wave propagation across jointed rock mass. Bandis et al. [4] observed that the normal property of a rock joint appears nonlinear elastic and its pressure-closure relation is like a hyperbolic curve.
For the normal cases, the displacement discontinuity method (DDM) was applied commonly for wave propagation across rock joints [5, 6] . Zhao et al. [7] and Zhao et al. [8] developed a method coupling DDM to derive a wave propagation equation across linear and nonlinear joints, respectively. Zhu et al. [9] improved the DDM to analyze the effect of viscoelastic behavior of filled joints on seismic wave propagation. Li et al. [10] and Li [11] proposed a time domain recursive method coupled with the DDM to analyze the wave propagation across the parallel joints with linear or nonlinear property. In these studies, the close and open mechanical properties of a joint were considered to be the same, and the stress-closure relation of joints was also adopted to describe the equally close-open behavior. Later, Li et al. [12] deduced an equation for wave propagation normally across joints with unequally close-open behavior based on the method of characteristic. e analysis result showed that the unequally close-open behavior of a joint as well as the in situ stress influences the wave attenuation.
For oblique cases, Kolsky [13] and Johnson [14] firstly conducted the studies of the interaction between an obliquely incident wave and a welded interface of two media, and established the relation (i.e., Snell's law) between the propagation speeds and the incident, transmitted, and reflected angles. Based on the DDM and Snell's law, the reflection and transmission coefficients for harmonic plane waves with an arbitrary incident angle impinging upon a plane linear slip interface were derived [6] . Close-form solutions in a matrix form normally impinging on a linear joint were obtained subsequently [15] [16] [17] . Li et al. [18] proposed a wave propagation equation for the interaction between obliquely incident P-or S-wave and a linear elastic rock joint. e study can be straightforwardly extended for different incident waveforms and nonlinear rock joints.
e study is motivated by the need to better understand the effect of an arbitrary incident angle on wave propagation and the seismic response of the joints with equally and unequally close-open behaviours. Wave propagation equations with an arbitrary incident angle are deduced for two deformation modes, i.e., close mode and open mode, respectively. en wave propagation across joints for normal and oblique incident P-and S-waves is analyzed and verified with the equally and unequally close-open behaviours. Finally, parametric studies are conducted to evaluate the effect of in situ stress on transmitted waves, the effects of the incident frequency, and the incident angle on the maximum deformation of joints. It provides a theoretical background of seismic wave normally and obliquely interacting with a rock joint with equally and unequally close-open behaviours systemically.
Theoretical Formulations

Problem Description.
Assume there is a joint in a linearly elastic, homogeneous, and isotropic rock. When a plane P-or S-wave impinges on one interface of the joint, both reflection and transmission usually occur at the two interfaces of the joint, as shown in Figure 1 . In the most general case (0 < α ≤ α c and 0 < β ≤ β c ), the incident, transmitted, and reflected waves satisfy Snell's law, where α and β are the emergence angles of the incident P-and S-waves, respectively. α c and β c are the critical angles of the incident P-and S-waves, respectively. During wave propagation, the joint may close or open. During the close process, the two interfaces begin to contact and interact, as shown in Figure 1(a) . is interaction is dependent on the close behavior of the joint. When the joint is open, the two interfaces are separated from each other and become two free surfaces.
e incident wave will be totally reflected from the joint, as shown in Figure 1(b) . is study is to analyze wave propagation across a joint with unequally close-open behaviors.
Wave Propagation Equations.
Plane wave propagation across a joint is schematically shown in Figure 1 . e interaction between the stress waves and the interfaces can be obtained from the derivation by Li and Ma [19] . If the in situ stress is considered, the expressions for the normal and tangential stresses σ − and τ − on the left interface are
and the normal and tangential stresses σ + and τ + on the right interface are σ + � z p cos 2βv
where σ 0 is the in situ stress; z p and z s denote the wave impedance of P-and S-waves, and equal to the product of the density of the medium and the wave propagation velocity; v 
and the normal and tangential components, v 
e relatively normal and tangential displacements of the joint, Δu n and Δu τ , are expressed as u (1) Close mode when Δu n ≥ −Δu 0 . When the joint is closed, both normal and tangential deformations of the joint are elastic and the joint becomes a displacement discontinuous boundary. For this case, the displacement discontinuity method (DDM) [5, 6 ] is adopted in the paper. In the DDM, the stresses before and after the joint are assumed to be continuous while the particle velocities before and after the joint are not continuous. Hence, the stresses on the two sides of the joint are
where σ is the normal stress on the joint sides. If the normal and shear properties of the joint satisfy the BB model [1, 4] and are linearly elastic, the relative normal and tangential displacements of the joint will satisfy
where k ni is the initial normal sti ness and d max is the maximum allowable normal closure of the joint. De ne
When Equation (9) is di erentiated with respect to time t, respectively, there are
where Δt is a small-time interval. When Equations (1) to (8) are combined with Equations (10) and (12), the re ected and transmitted waves can be derived and expressed in a matrix form.
where matrix parameters A to E are written as
B z p cos 2β −z s sin 2β 
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Equations (13) and (14) and the expressions of A to E shown in Equations (15) to (19) are consistent with the wave propagation equation derived by Li [11] when the joint is in the elastic mode without relative slip.
(2) Open mode when Δu n < −Δu 0 . When the joint is open, the normal and tangential deformations of the joint are not elastic any more, and the two interfaces of the joint become the two free surfaces.
From Equations (1) and (2), we get v
and from Equations (3) and (4), we get v
where the matrix parameters A and B are expressed in Equations (15) and (16).
Wave Propagation across Joints with Equally and Unequally Close-Open Behaviours
In this section, incident P-and S-waves with an arbitrary incident angle impinge on two types of joints: joints with the equally close-open behaviors and joints with unequally close-open behaviors. e in situ stresses σ 0 are assumed to be 0 and 0.5z p A i , respectively. e incident wave is assumed as a one-cycle sinusoidal waveform, i.e.,
where ω � 2πf 0 , f 0 � 50 Hz. A i is assumed to be 0.1 m/s, which is the amplitude of the incident waves. Some basic parameters for the joint and the adjacent rocks are as follows. e maximum allowable normal closure d max is 1 mm, and the initial normal stiffness k ni is 1.0 GPa/m. e shear stiffness k s equals k ni , and the rock mass density ρ is 2650 kg/m 3 . e P-wave velocity c p is 5840 m/s, and the shear wave velocity c s is 2950 m/s.
Normal Case.
When an incident P-wave with the form of Equation (23) impinges normally on one side of the joint, the transmitted and reflected waves with the equally close-open behavior can be calculated from Equations (13) (13) and (14) during the joint close process and Equations (21) and (22) during the joint open process. ese two figures also show that the in situ stress can result in the increasing peak values of the transmitted wave. Meanwhile, by comparing the Figures 2(a) and 2(b), it can be found that the tensile portion of the transmitted wave for no in situ stress or σ 0 � 0 is completely cut off and the tensile portion of the transmitted wave for σ 0 � 0.5z p A i is partly cut off. e cut-off value of the transmitted wave is related to the in situ stress. In other words, the tensile portion of the transmitted wave is cut off if its particle velocity is less than −σ 0 /z p .
e particle velocities for the two sides of the joint can be calculated from Equations (5) to (8) when the transmitted and reflected waves are obtained.
e relative normal and tangential displacements of the joint are then calculated from Equation (9) when the particle velocities for the two joint sides are integrated to time t. 
Oblique Case.
If the incident P-wave with the form of Equation (23) obliquely impinges on one side of the joint, wave propagation can also be calculated from Equations (13) and (14) and Equations (21) 
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interacted, the shear strength of the joint becomes zero and the relative slip of the joint occurs simultaneously.
erefore, the partly cut-o of the transmitted P-wave corresponds to the relative slip of the joint, which can be observed from the transmitted S-wave shown in Figure 4 (b). When the joint is open, the two interfaces are interacted in elastic behavior. e normal and tangential deformations of the joint are elastic and no relative slip occurs, as shown in Figure 4(a) .
With the transmitted and re ected waves shown in Figure 4 , the normal and tangential relative displacements of the joint can be calculated as shown in Figure 5 , which 
Veri cation with Existing Methods.
Based on the characteristic line theory and DDM, Zhao and Cai [20] derived the wave propagation equation for incident P-waves across a single nonlinear rock joint with equally e results are plotted as the scattered points in Figures 3(a) and 3(b) , for incident P-waves normally impinging on nonlinear rock joints with equally and unequally close-open behaviors, respectively. By comparison, it is observed that the results from the present approach agree with those obtained by Zhao and Cai [20] and Li et al. [12] , which indicates that wave propagation equations proposed in Section 2.2 can well re ect the seismic response of joints with equally and unequally close-open behaviors during wave propagation.
Parametric Studies
is section is to carry out parametric studies to analyze wave propagation and the seismic response of joints when the incident P-and S-waves with the form of Equation (23) normally and obliquely impinge on a joint. During the closing process, the joint is assumed to have the normal property with BB model and the tangential property with linearly elastic. Once the joint is open, the two interfaces of the joint are not interacted. Equations (13), (14), (21), and (22) are adopted to calculate the transmitted wave. e parameters of the joint and the incident waves shown in Section 3 will be adopted. ∘ , incident P-wave, and transmitted P-waves. (c)α 20 ∘ , incident Pwave, and transmitted S-waves. 8 Advances in Civil Engineering Figures 6 and 7 show the transmitted waves when incident P-and S-waves normally and obliquely impinge on the joint, respectively, where the in situ stress σ 0 changes from zero to 1.0z p A i . It can be seen from Figures 6(a) and 6(b) that when the in situ stress is small, such as σ 0 0∼0.6z p A i for a normal incidence or σ 0 0∼0.4z p A i for an oblique incident P-wave with an incident angle α 20 ∘ , the opening deformation of the joint occurs. During the opening process, the particle velocity of the transmitted P-wave equals σ 0 /z p and the relative slip occurs simultaneously.
E ect of In Situ Stress on transmitted Waves.
e duration of the relative slip decreases with the increasing in situ stress. For the oblique case, during the slippery process of the joint, the particle velocity of the joint caused by the transmitted S-wave (i.e., the slippery velocity of the right side of the joint) increases with the increasing in situ stress.
When an incident S-wave impinges on the joint with an incident angle β 20 ∘ , the transmitted P-and S-waves are calculated and shown in Figure 7 when the in situ stress varies from zero to 0.3z p A i . Although we assume that the shear property of the joint is linearly elastic, the relative slip deformation still occurs for the joint when the in situ stress is zero or 0.1z p A i , as shown in Figure 7 . e reason to cause the slip deformation is the opening of the joint during the wave propagation. When an incident S-wave impinges on the joint, four waves (i.e., re ected and transmitted P-and S-waves) are produced from the joint interfaces. When the tensile stress acted on the two interfaces of the joint is bigger than the in situ stress, the joint is open and its shear strength falls to zero, and then the relative slip of the joint occurs. Figures 8(a) and 8(b) show the amplitude spectra of the transmitted P-waves shown in Figures 6(a) and 6(b) , respectively. It can be found that the dominant frequencies of the transmitted P-waves are around 35.6 Hz for the normal case and 33.4 or 40 Hz for the oblique case, when the joint is always closed during wave propagation. Comparatively speaking, when the open mode takes place, the corresponding dominant frequency of the transmitted P-wave will drop. It also can be found that the smaller in situ stress is related to the lower dominant frequency of the transmitted P-wave. For example, when σ 0 is 0.2z p A i , the dominant frequencies are 21.4 Hz and 20.1 Hz for the normal and oblique cases. When σ 0 is 0.4z p A i , the dominant frequencies are 28.5 Hz and 26.8 Hz for normal and oblique cases. It has been calculated by [7] that the dominant frequency is 42.5 Hz for the incident wave with the waveform of Equation (23). e amplitude spectra shown in Figure 8 indicate that the joint lters out high frequency waves, especially when the joint is open during wave propagation.
E ect of Incident Frequency on the Maximum Deformation of Joints.
In this section, the e ect of the incident P-wave's frequency on the maximum opening deformation and slip of the joint is studied when the incident angle α is 20 ∘ . Equations (13), (14), (21), and (22) are used to calculate the re ected and transmitted waves and Equations (5)- (9) are adopted to calculate the relative normal and tangential displacements of the joint. Figures 9(a) and 9(b) show the relationship between the frequency of the incident P-wave and the maximum opening deformation and the maximum slip of the joint, respectively, when the in situ stress varies from zero to 0.8z p A i . e two gures show that both the maximum opening deformation and the maximum slip of the joint monotonously decrease with the increasing incident frequency. e maximum opening deformation and slip decrease sharply for the lower frequency, and then decrease slowly for the higher frequency. It is shown in Figure 9 (a) that for a given frequency, the maximum opening deformation for σ 0 0 is the largest, while the maximum opening for σ 0 equal to 0.8z p A i is the smallest. In Figure 9 (b), the di erences between the maximum slips for σ 0 equal to 0, 0. Figures 10(a) and 10(b) show the relations between the incident angle α with the maximum opening deformation and slip, respectively. It can be observed that the maximum opening deformation decreases monotonously with increasing incident angle, the maximum slip rises rstly then turn to decreases when α changes from zero to 90 ∘ . For a given incident angle, the maximum opening deformation and slip become smaller when the in situ stress is bigger. 
E ect of Incident Angle on the Maximum Deformation of Joints.
Conclusions
e seismic response for wave propagation with an arbitrary incident angle impinging on joints is analyzed in this paper. Both re ection and transmission usually occurring at the two interfaces of the joint with equally and unequally closeopen behaviours are considered. Wave propagation equations of two possible deformation modes, which are close mode and open mode, are deduced, respectively. During the closing process, the joint is assumed to have the normal property with the BB model and the tangential property with linearly elastic. However, once the joint is open, the two interfaces of the joint have no interaction with each other.
Wave propagation across joints with normal and oblique incident P-and S-waves with equally and unequally closeopen behaviours is studied and veri ed by comparing with the existing methods. For the normal case, in situ stress results in the increasing peak values of the transmitted wave, and the cut-o value of the transmitted wave is related to the in situ stress. For the oblique case, compressive portions of the transmitted P-waves are identical, while the tensile portions of the transmitted P-waves are cut o when the particle velocity is less than −σ 0 /z p . e lower in situ stress easily causes joint open and the slippery deformation of the joint.
e parametric studies on e ect of in situ stress on transmitted waves show that the duration of the relative slip decreases with the increasing in situ stress and the particle velocity of the joint caused by the transmitted S-wave increases with increasing in situ stress. When the in situ stress is smaller, the dominant frequency of the transmitted P-wave is lower.
e parametric studies of the e ect of incident frequency on the maximum deformation of joints and the e ect of incident angle on the maximum deformation of joints are also conducted. Both the maximum opening deformation and the maximum slip of the joint monotonously decrease with increasing incident frequency.
e maximum opening deformation decreases with increasing incident angle, and the maximum slip rises rstly and then decreases when incident angle varies from zero to 90 ∘ .
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